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1 Statement of the result 



Let X be a symmetric space of negative curvature. Then X either belongs to one of 
the three families of real, complex, or quaternionic hyperbolic spaces, or it is the Cayley 
hyperbolic plane. 

Let G be a connected linear Lie group which finitely covers the isometry group of X. 
Furthermore, let F C G be a discrete subgroup. We assume that F is geometrically finite. 
We refer to Definition ^]l]for a precise explanation of this notion. If X is a real hyperbolic 
space, then F is geometrically finite iff it admits a fundamental domain with finitely many 
totally geodesic faces. In the other cases the definition is more complicated. Essentially, F 
is geometrically finite if the corresponding locally symmetric space F\X has finitely many 
cusps and can be compactified by adding a geodesic boundary and closing the cusps. In 
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particular, if F is cocompact, or convex-cocompact, or the locally symmetric space r\X 
has finite volume, then F is geometrically finite. 

Wc adjoin the geodesic boundary dX to X and obtain a compact manifold with bound- 
ary X := X U dX. A point of dX is an equivalence class of geodesic rays where two rays 
are in the same class if they run in bounded distance to each other. The action of G 
extends naturally to X. Let Ap C dX denote the limit set of F. It is defined as the set 
of accumulation points of any orbit Fo in X for o C X. 

We consider a G-equivariant irreducible complex vector bundle V dX and a finite- 
dimensional representation ((/?, V^) of F. Furthermore, by A ^ dX we denote the G- 
equivariant bundle of densities on dX. To V we associate the G-equivariant bundle 

V := Hom(l/,A) . 

The space C'~°°{dX, V) of distribution sections of V is then, by definition, the topological 
dual of C°°{dX, V). We define the space of invariant distribution sections of V with twist 
V by 

Definition 1.1 

I{T,V,^) - {C'^{dX,V)®V^f . 

Next we introduce some real quantities which represent growth properties of the geo- 
metric objects introduced so far. We first define the number p e R which is a measure of 
the volume growth of the symmetric space X. We use this number in order to normalize 
the critical exponents below. Let o be any point of X, and let B{r, o) denote the ball of 

radius r centered at o. 

Definition 1.2 

1 log vol Bir, o) 
p := - hm . 

The growth of the action of G on the bundle V is measured by the quantity siV) G M. 
Note that A is the complexification of a real orientable line bundle. It is therefore trivial if 
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1 STATEMENT OF THE RESULT 



considered merely as a vector bundle, but it is not trivial as a G-equivariant bundle. The 
bundle A can be represented by a cocycle of positive transition functions. If a G C, then 
raising the transition functions to the power a, we obtain a new cocycle which represents 
the G-equivariant bundle A". 

Definition 1.3 s{V)is defined as the unique number such that V (8) A^^^^ = V'^ as G- 
equivariant bundles, where V'^ denotes the complex conjugate bundle ofV. 

For example, ii V = dX x C is the trivial bundle, then siV) = 1. More generally. 



This definition is independent of the choice of o e X. Since T is discrete and infinite we 
have dr G (—1, 1]. 

The exponent is a measure for the growth of ip. It is defined by 
Definition 1.5 



where we have fixed any norm ||.|| on End(V^) and any point o & X. Since F is finitely 
generated, we have d^ < oo. 



s(A°) = 1 -2Re(a). 



The normalized growth of F is expressed by the critical exponent 



Definition 1.4 




dip := - inf {z/ I sup ||93(5')||dist(5'0, o) < oo} 
P ger 



A cusp of F is, by definition, a F-conjugacy class [P]r of proper parabohc subgroups 
P C G such that F n P is infinite and 7r(F n P) C L is precompact, where tt is the 
projection onto the semisimple quotient L given by the sequence 
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with N G P denoting the unipotent radical of P. Note that if [P]r is a cusp of F, 
then Tp := F fl P again satisfies our assumptions. The hmit set of Fp consists of the 
unique fixed point oop C dX of P. Since Fp acts properly on Q^p '■= dX \ {oop} and 
Fp\(Ar \ {c)Op}) c Fp\i7rp is compact (see Lemma |2T^ ) we can choose a smooth function 
X^^ on Q-pp such that supp(x'"^) fl Ar is a compact subset of flvp, {supp((7*x'"^)}gerp is 
a locally finite covering of flvp, and J^geVp 9*X^^ = 1- Assume that siV) > dr + d^p. 

Definition 1.6 We say that f G /(F, V, ip) is strongly supported on the limit set if 

1. f is supported on the limit set as a distribution. 

2. For any h G V°^{dX, V) ® and cusp [P]r ofT we have 

{f,h)=Y,{x'''f\nrp,m-'9*h) . 
geVp 



In order to see that the second condition is well-defined note that supp(x^^/|nrp) *^ 
supp(x'"^) n Ar is a compact subset of fipp- Therefore the pairing {x^^ f\Q^^,ip{g)'^g*h) 
is defined. The sum converges because of our assumption s(y) > dr + d^, > d^p + d^, 
which implies that Xl^erp vi.9)^^9*^\^rp converges in the space of smooth functions. In 
fact, the argument proving Lemma 4.2, applies in the more general case when F is 



merely geometrically finite. In Lemma we will verify that this definition is independent 
of the choice of • 

In and we have expressed the condition "strongly supported on the limit set" in 
the form res^{f) = 0. While this definition works for all values of s{V) there we must 
assume that / is " deformable" . Because in the present paper we are in the "domain of 
convergence" we can use the simpler and more general definition above. 



Definition 1.7 By I\j^{r,V,ip) we denote the subspace of all f G I{r,V,(p) which are 
strongly supported on the limit set. 



The main result of the present paper can now be formulated as follows. 
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1 STATEMENT OF THE RESULT 



Theorem 1.8 If s(y) > dr + d^ + ma.X[p]-^{0,drp — dr + 1) (where the maximum is taken 
over all cusps ofV), then /Ap(r, V,(^) = 0. 

Let us note the foUowing special case which was aheady shown in Thm 4.7. The 
group r is called convex cocompact if it acts freely and cocompactly on X \ Ar. In this 
case r has no cusps and Ih^iV, V, ip) is just the space invariant distribution sections of V 
with twist which are supported on Ap. 

Corollary 1.9 IfT is convex cocompact and s{V) > d-p + d^, then /Ar(r) '^i V^) = 0. 
Back to the general case of a geometrically finite discrete group let 1 be the trivial 

l-dp 

representation of F. Then we have di = 0. In the place of V we consider . Note 

1— rfp 1— dp 

that s(A^~) = dr = dr + d^. The space /Ap(r, A^~, 1) is spanned by the Patterson- 
Sullivan measure 0, [§, 0, hence dim JAj,(r, A^^, 1) = 1. Here we must use the 
definition of the condition " strongly supported on the limit set" in terms of res^ given in 



In order to construct some twisted examples we consider a finite-dimensional M-spherical 
representation (vr, V^) of G. Here (tt, \4) is called M-spherical, if for any parabolic sub- 
group P G G there exists a vector 7^ i; G K- and a character x : P ^ M such that 
7t{p)v = x(p)f for all p G P. There is a natural inclusion 



i 



/Ap(r,A^,i)-^/A,(r,A 




showing that /Ar(r) ^ 



tt) 7^ 0. On the other hand, s(A 



1 — dp —d-jY 
2 



) = dr + d. 



These examples show that our estimate can not be improved in general for convex 
cocompact F. On the other hand, even for geometrically finite F we do not know any 
counterexample to the assertion that already s(y) > d^ + d^^ implies that /ap(F, V, ip) = 0. 
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2 Geometry of geometrically finite discrete subgroups 



If r C G is a discrete subgroup and Ar is its limit set, then F acts on X \ Ar properly 
discontinuously. Let Yp denote the manifold with boundary Yp := r\(X \ Ar). If [P]r is 
a cusp of r, then we form the manifold with boundary Ypp := rp\(X \ {oop}). 

Definition 2.1 The group T is called geometrically finite if the following conditions hold: 

1. r has finitely many cusps. 

2. There is a bisection between the set of ends ofYp and and the set of cusps ofV. 

3. If [P]r is a cusp ofV, then there exists a representative Yp of the corresponding end 
ofYp and embedding cp :Yp ^ Ypp which is isometric in the interior such that its 
image ep{Yp) represents the end ofYpp. 

Lemma 2.2 If[P]r is a cusp ofT, then rp\(Ar \ {oop}) is a compact subset ofTp\flrp. 

Proof. It suffices to show that rp\(Ar\ {oop}) is compact in Ypp. Note that (Ar\{oop}) 
is closed in X \ {oop}. Therefore, rp\(Ar \ {oop}) is closed in Yrp. Furthermore, it is 
contained in the compact set Yrp \ ep(Yp) (note that Yp is open). The assertion now 
follows. □ 

Let o G X be any point. We consider the Dirichlet domain F C X of F with respect to 
o. It is a fundamental domain given by 

F := {x e X|dist(a;, o) < dist(/ia;, o) V/i G F} . 



If [P]r is a cusp of F, then let be the cut-off function introduced before Definition 
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Lemma 2.3 We can decompose F as Fq U Fi U . . . Fr, where r is the number of cusps 
[Pjjr, i = 1, . . . r, ofT, and the subsets Fi satisfy 

1. The closure of Fq in X \ At is compact. 

2. r^n(Ar\{oopJ)nsupp(x^^O =0/ori = l,...,r. 

Proof. By Yq we denote the compact subset Fr \ IJi=i r ^r- Then we define 

Fq := TYq n F, where TYq denotes the preimage of Yq under the projection X \ Ap ^ Yp. 
By definition, Fq C {X \ Ar). 

For « = 1, ... r we define Fi := TYppF. We then have r7^n(Ar\{oopJ)nsupp(x^^0 = 
since the contrary this would imply eiYp.) fl rp^\(Ar \ {oop.}) 7^ 0. □ 



Lemma 2.4 Let xi,X2 be two choices of the cut-off function x'"^ in Definition \1.6{ . Then 
^{Xif\nrp,'P{9y^9*h) = ^{x2f\nrp,M'^9*h) , 



where [P]r, f , and h are as [776 



Proof. The estimates given in the proof of |JI||, Lemma 4.2, show that all sums below 
converge absolutely. This justifies the resummations in the following computation. In the 
first and the last equality we use the F- invar iance of /. 

^{Xif\nrp,^{gy^g*h) = '^{g*Xif\nrp,h) 

geFp geVp 

= Yl Y'\9*Xil*X2f\nrp.h) 

g&Tp iGTp 

= Yl Y^3*Xil*X2f\nrp^h) 

l&p geFp 

leFp 

= (X2f\nrp,'Pi9)'^9*h) . 
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3 Proof of Theorem [tTB 

We adapt the argument of the proof of [Q, Thm.4.7 given there in the special case of a 
convex-cocompact group T to the present situation where T is geometrically finite. 

Definition 3.1 We call the bundle V spherical, ifV = A ^ for some t{V) G C. 

Note that Re t{V) = s{V). We first show the following special case. 
Proposition 3.2 Theorem is true ifV is spherical. 

Proof. Let / G /Ar(r, V, if). Then we must show that (/, h) = for any h G C°°{dX, V) ® 
%. 

Lemma 3.3 IfT does not contain any hyperbolic element, then {f,h) = 0. 

Proof. If r does not contain any hyperbolic element, then F = Fp for the unique cusp [P]r 
of F. Since / is supported on Ap = {oop} as a distribution we have we have f\nrp = 0- 
This implies (/, h) = Y.g^rM" f\^r,^v{9)-'9*h) = 0. □ 



It remains to consider the case that F contains a hyperbolic element which we will 
denote by g^. 

Lemma 3.4 IfT does contain a hyperbolic element, say Qq, then {f,h) = 0. 
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3 PROOF OF THEOREM 1? 



Proof. Let b± G dX denote the attracting and repelling fixed points of Qq. We can write 
h = h+ + such that h± vanishes in a neighbourhood of bzp. It suffices to show that 
(/, h) = for any h which vanishes in a neighbourhood of say 6+. 

We fix the origin o E X such that o is on the unique geodesic connecting 6_ with 
6+. Let F G X he the Dirichlet domain of F with respect to this choice of the origin. 
Furthermore, let F be the closure of F in X \ Ap. The Dirichlet domain D^g^y with 
respect to o of the group < go > generated by go separates X \ D^g^^ into two connected 
components X+ and X_. Let dX± := X± fl dX. We can assume that b± G dX±. 

Replacing o, if necessary, by goO, j G No sufficiently large, we can assume that supp(/i) C 
dX_. Then we define F := goF, F := goF, where we choose i G Nq sufficiently large such 
that F C X+. 

We use the polar coordinates (a, k) G M+ x dX in order to parametrize points x G 
X \ {o} such that a{x) = exp(dist(o, x)) and k{x) G dX is represented by the geodesic 
ray through x starting in o. Using these coordinates we extend h to the interior of X 
setting h{x) = x(yCi(yX))h{k{x)), where x ^ C°°(-R+) is some cut-off function which is equal 
to one near infinity and vanishes for a < 1. Note that supp(/i) C X \ X_|_. 

Note that by our assumption V is spherical and s{V) > 0. Therefore, the Poisson 
transformation 



Poisson transformation and its properties). We use the same symbol P in order to denote 
the extension of the Poisson transform to the tensor product by V^. 

Using the polar coordinates we pull-back the volume form of the unit sphere in TqX 
to dX and thus obtain a volume form dk on dX. Then the inverse of the Poisson 
transformation is given by the following limit formula 



P : C-°°{dX, V) C°°(X) 



is injective (we refer to and the literature cited therein (e.g. [^) for a definition of the 
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for some constant Ci. Using the fact that for large a the volume form dx can be written 
as dx = C2a^^dadk + 0{a?^~^) we deduce 



a— >oo 



(/, h) = c lim a-^(^+*(^)) / {Pf{x), h{x))dx . 

J {x(^G\a<a{x)<aQa\ 



where c depends on ci, Oq > 1, and C2. We now employ the covering of X by translates 
of the fundamental domain gF, G F, and the F-invariance of Pf 

Pfigx) = v{g)Pf{x) . 

We get 

(/, h) = c lim a-''(i+*(^)) Yl I {v{9)Pf{x), h{gx))dx . 

J {x&F\a<a{gx)<aoa} 

Since supp(/i) C X \ X+ we have gF fl X \ X+ 7^ if (7 G F contributes to the sum above. 
The triangle inequality for X gives a{x)a{g) > a{gx), where we write a{g) for a{go). We 
will also need the following converse version of the triangle inequality. 

Lemma 3.5 There exists ai E M+ such that for all g E T with gF fl X \ X+ 7^ and 
X E F we have a{g)a{x) < aia{gx). 



We postpone the proof of this lemma and continue the argument for Lemma 3^. Using 
^.5| we obtain 

{x E F \ a < a{gx) < aoa} C {x E F \ a < a{x)a{g) < aia} 

= {x E F \ aa{g)^^ < a{x) < aiaa(g)^^} 

for all g E T with gF fl X \ X_|_ 7^ 0. Taking into account that h is bounded and that 
for given e > there exists a constant Cq such that for all g E T we have ||v5(5')|| < 
Coa^gY'^'^^^^^ we obtain 

{vi9)Pfix),h{gx))dx\ 

{x(I^F\a<a{gx)<aoa} 

< Cra{gf '-+^^ [ \Pf{x)\dx , (1) 

J {x£F\aa{g) ^ <a{x)<aiaa{g) ^} 

where C is independent of g eT and a E M+. In order to proceed further we employ the 
following crucial estimate. 
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3 PROOF OF THEOREM 1? 



Lemma 3.6 There is a constant Ci such that 

\Pfix)\dx < CihP^'^^^+^'''^ 



j 



' {x€F\b<a{x)<aib} 

for all sufficiently small ^ > and all b > 1. 



We again postpone the proof of Lemma |3.(j| and continue with the proof of Lemma p.4| . 
If we insert the estimate claimed in Lemma into (|ip and sum over F, then we obtain 



El / {^{g)Pf{x),h{9^))dx 

ggr J {x£F\a<a{gx)<aQa} 



p{d^+e+^l-s{v)-l)^p{siv)+l-^l) 



where C3 is independent of a > 1. If we choose /i, e > so small such that d^, + e + 
fj. — s{V) < —dr, then the sum converges and the right-hand side can be estimated by 
C^a^^''^-^^^^^'^^ with C3 independent of a > 1. We conclude that 

lim a-''(*(^)+^) J2 [ {v{9)Pf{x), h{gx))dx = , 

J {x€F\a<a{gx)<aoa} 

and thus (/, h) = 0. 



It remains to prove Lemma ^31 and Lemma p.6|. 



Proof, [of Lemma ^.S] Note that for a\\ g eT one of the following two conditions fails: 



gFn{X\X+) ^ 0. 

Indeed, if the first condition holds, then gF fl X_|_ 7^ 0. We conclude that gF C X+ and 
hence ^fF n (X \ X+) = 0. Further note that 



{ggio\g G F and gF^{X\ X+) ^ 0} n = {go\g G F and n (X \ X+) ^ 0} n (9X 



We see that F n (9X C int(9X+ and {go\g G Fandc/F n (X \ X+) 7^ 0} n ^X C ^X \ (9X+ 
are disjoint. We now obtain the desired inequality from Corollary 2.5 of |^. □ 
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Proof, [of Lemma |3.(j[| 



It is at this point where we use that F is geometrically finite. Namely, let Fq UFi U . . . Fr 
be the decomposition of F given in Lemma |2.3| . 

Since Ap and Fq are separated we can use Lemma 6.2 (2), in order to get the estimate 



' {x€X\b<a{x)<aib}nFo 

where C is independent of 6 > 1. This is the required estimate for the contribution of Fq. 

It remains to consider the contributions of the cusps, i.e of Fj, i > 0. Let now [P]r, 
P = Pi for one i > 0, be a cusp of F. Then for f G and x G X we have 

{Pfix),v) = Y,{v{g)P{x^'f\nr,){g-'x),v) . 

Indeed, let p^^v ^ C°°{dX, V)®V^ denote the integral kernel of the map / i— (P(/)(x), f ). 
Then using the invariance properties of the kernel px,v and that / is strongly supported 
on the limit set we get 

{Pf{x),v) = {p,,,J) 

= iX^'^ f\nr^,Pg-^x,^(g)v) 

gerp 
geVp 

Since FpFj fl supp(x'"^*/|nrp) = we again apply |T]], Lemma 6.2 (2), in order to get 
the estimate 

\P{x^^finr,)M\ < C7a(^?x)-^(^(^)+i) , (2) 

where C is independent of a; G -Fj and g ETp. In order to estimate the sum over (7 G Fp 
we need the following geometric lemma. 

Lemma 3.7 There is a constant G M+ such that for all x & F and g E T p we have 
o^igx) > 03 max(a((7)a(x)^^, a(x)). 
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3 PROOF OF THEOREM 1? 



Let us postpone the proof of the lemma und continue with the estimates. We choose 



ly > sufficiently small such that drp + d^p — s{V) + u < 0. For those u using Lemma |3]7 
and (H) we obtain for all x G -Fj 

|P(/)(x)| < C J2 yiar'Hgx)-^^'^'^''^^ 

< a(^^)-p(l+*p+!^)a(^a;)P(-^(V)+l+2drp+2d^+2i.) 

aerp 

Since siV) > + drp + 1 we can choose k,^, fi > such that —s{V) + 1 + 2drp + Id^ + 
2u + 2 + K< s{V) + 1 - /i. Then 

Lemma |3.6| now follows from the fact that the function X 



integrable. In fact, 

{x€Fi\b<a{x)<aib} Jx 

where C4 is independent of b. □ 



Proof, [of Lemma |3.7| ] We consider the triangle inequality for the triangle (o, gx, go) in 
X and obtain dist(o,(yfx) + dist{go,gx) > dist(o,5fo). Since dist{go,gx) = dist(o,x) we 
conclude that a{x)a{gx) > a{g). 

Recall that F is a Dirichlet domain of F with respect to g^o. We conclude that 
dist((7QO, x) < dist((7oO, fifx) for all g G Fp and x E F. Using this and the triangle in- 
equality for the triangle (o, x, g^o) we obtain 

dist(o, x) < dist((7oO, x) + dist(o, g^o) 

< dist (^qO, gx) + dist (o, o) 

< 2dist((7oO, o) + dist(o, gx) 
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and therefore a{gx) > a((7g) ^a(x) for all G Fp and x E F. The assertion of the lemma 
holds true if we set 03 := min(l, a{gQ)^^) □ 



We now have finished the proof of Lemma |3.4] and therefore of Proposition |3.2| . □ 



Proof, [end of the proof of Theorem 1.8|| By Proposition |3.2| we know that Theorem 



]8| holds true under the additional asumption that V is spherical. We twist by finite- 
dimensional representations of G in order to conclude the general case. Fix any parabolic 
subgroup P G G. Then we can write dX = G/P. If (vr, VJr) is a finite-dimensional 
representation of G, then we can form the G-equivariant bundle V"(7r) = G XpV-^ on dX. 
The idea of twisting is based on the fact that there is an G-equivariant isomorphism 

C°^{dX, V ® V{7t)) ^V^^ C°°(9X, V)®V^®V^ . 

In particular, there is an isomorphism 

J : Ja, (F, F ® F(7r) , V9) ^ I A, (F, \/, <^ ® vr) . 

If V is an irreducible G-equivariant bundle on dX, then there exists an irreducible repre- 
sentation (tt, K-) of G and a G-equivariant embedding 

l-t(V)-dTy 

i:V ^ A ^ (g) ^(Tr) , 

where t{V) G C is defined such that V ® A*(^) = V. In particular, Re{t{V)) = s{V). 
For these facts we refer to p. 108 ( in particular, to the formulas (33), (34)). The 
embedding i composed with the isomorphism j gives an embedding 



We can apply Prop, to the right-hand side. Indeed, 

s(A ~) = s{V)+dT, > dr+d^+dT,+irmx{0, drp-dr+l) = dr+d^(^-^+max{0, drp-dr+l) 

and hence /ap(F, A ~ , vr) = 0. This implies /Ar(F, V, </?) = 0. □ 
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